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Fermion Mass Spectrum
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Dirac Mass
◮ Dirac Equation: (i /∂ −m) ν(x) = 0 (/∂ ≡ γµ∂µ)
◮ Dirac Lagrangian: LD(x) = ν(x) (i /∂ −m) ν(x)

◮ Chiral decomposition: νL ≡ PLν , νR ≡ PRν , ν = νL + νR

Left and Right-handed Projectors: PL ≡
1− γ5

2
, PR ≡

1 + γ5

2

P2
L = PL , P2

R = PR , PL + PR = 1 , PLPR = PRPL = 0

L = νLi /∂νL + νR i /∂νR −m (νLνR + νRνL)

◮ In SM only νL by assumption =⇒ no neutrino mass
Note that all the other elementary fermion fields (charged leptons and quarks)

have both left and right-handed components

◮ Oscillation experiments have shown that neutrinos are massive

◮ Simplest and natural extension of the SM: consider also νR
as for all the other elementary fermion fields
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Higgs Mechanism in SM

◮ Higgs Doublet: Φ(x) =

(
φ+(x)
φ0(x)

)
|Φ|2 = Φ†Φ = φ†+φ+ + φ†0φ0

◮ Higgs Lagrangian: LHiggs = (DµΦ)
†(DµΦ)− V (|Φ|2)

◮ Higgs Potential: V (|Φ|2) = µ2|Φ|2 + λ|Φ|4

◮ µ2 < 0 and λ > 0 =⇒ V (|Φ|2) = λ
(
|Φ|2 − v2

2

)2

v ≡
√
−µ2

λ =
(√

2GF

)−1/2 ≃ 246GeV

◮ Vacuum: Vmin for |Φ|2 = v2

2 =⇒ 〈Φ〉 = 1√
2

(
0
v

)

◮ Spontaneous Symmetry Breaking: SU(2)L × U(1)Y → U(1)Q
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H

φ
+

φ
0

◮ Unitary Gauge: Φ(x) = 1√
2

(
0

v + H(x)

)
=⇒|Φ|2 = v2

2 + vH + 1
2 H

2

◮ V = λ
(
|Φ|2 − v2

2

)2
= λv2H2 + λvH3 + λ

4 H
4

mH =
√
2λv2 =

√
−2µ2 ≃ 126GeV

−µ2 ≃ (89GeV)2 λ = −µ2

v2 ≃ 0.13
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SM Extension: Dirac Neutrino Masses

LL ≡
(
νL
ℓL

)
ℓR νR

Lepton-Higgs Yukawa Lagrangian

LH,L = −y ℓ LLΦ ℓR − yν LL Φ̃ νR + H.c.

Spontaneous Symmetry Breaking

Φ(x) =
1√
2

(
0

v + H(x)

)
Φ̃ = iσ2Φ

∗ =
1√
2

(
v + H(x)

0

)

LH,L = − y ℓ√
2

(
νL ℓL

)( 0
v + H(x)

)
ℓR

− yν√
2

(
νL ℓL

)(v + H(x)
0

)
νR + H.c.
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LH,L = − y ℓ
v√
2
ℓL ℓR − yν

v√
2
νL νR

− y ℓ√
2
ℓL ℓR H − yν√

2
νL νR H + H.c.

mℓ = y ℓ
v√
2

mν = yν
v√
2

gℓH =
y ℓ√
2
=

mℓ

v
gνH =

yν√
2
=

mν

v

v =
(√

2GF

)−1/2
= 246GeV

PROBLEM: yν . 10−11 ≪ y e ∼ 10−6
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Three-Generations Dirac Neutrino Masses

L′eL ≡


 ν ′eL

ℓ′eL ≡ e ′L


 L′µL ≡


 ν ′µL

ℓ′µL ≡ µ′L


 L′τL ≡


 ν ′τL

ℓ′τL ≡ τ ′L




ℓ′eR ≡ e ′R ℓ′µR ≡ µ′R ℓ′τR ≡ τ ′R
ν ′eR ν ′µR ν ′τR

Lepton-Higgs Yukawa Lagrangian

LH,L = −
∑

α,β=e,µ,τ

[
Y ′ℓ
αβ L

′
αLΦ ℓ

′
βR + Y ′ν

αβ L
′
αL Φ̃ ν

′
βR

]
+ H.c.

Spontaneous Symmetry Breaking

Φ(x) =
1√
2


 0

v + H(x)


 Φ̃ = iσ2Φ

∗ =
1√
2


v + H(x)

0
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LH,L = −
(
v + H√

2

) ∑

α,β=e,µ,τ

[
Y ′ℓ
αβ ℓ

′
αL ℓ

′
βR + Y ′ν

αβ ν
′
αL ν

′
βR

]
+ H.c.

LH,L = −
(
v + H√

2

)[
ℓ′L Y

′ℓ
ℓ
′
R + ν ′

L Y
′ν
ν
′
R

]
+ H.c.

ℓ
′
L ≡



e ′L
µ′L
τ ′L


 ℓ

′
R ≡



e ′R
µ′R
τ ′R


 ν

′
L ≡



ν ′eL
ν ′µL
ν ′τL


 ν

′
R ≡



ν ′eR
ν ′µR
ν ′τR




Y ′ℓ ≡



Y ′ℓ
ee Y ′ℓ

eµ Y ′ℓ
eτ

Y ′ℓ
µe Y ′ℓ

µµ Y ′ℓ
µτ

Y ′ℓ
τe Y ′ℓ

τµ Y ′ℓ
ττ


 Y ′ν ≡



Y ′ν
ee Y ′ν

eµ Y ′ν
eτ

Y ′ν
µe Y ′ν

µµ Y ′ν
µτ

Y ′ν
τe Y ′ν

τµ Y ′ν
ττ




M ′ℓ =
v√
2
Y ′ℓ M ′ν =

v√
2
Y ′ν
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LH,L = −
(
v + H√

2

)[
ℓ′L Y

′ℓ
ℓ
′
R + ν ′

L Y
′ν
ν
′
R

]
+ H.c.

Diagonalization of Y ′ℓ and Y ′ν with unitary V ℓ
L , V

ℓ
R , V

ν
L , V

ν
R

ℓ
′
L = V ℓ

L ℓL ℓ
′
R = V ℓ

R ℓR ν
′
L = V ν

L nL ν
′
R = V ν

R nR

Important general remark: unitary transformations are allowed
because they leave invariant the kinetic terms in the Lagrangian

Lkin = ℓ′Li /∂ℓ
′
L + ℓ′R i /∂ℓ

′
R + ν ′

Li /∂ν
′
L + ν ′

R i /∂ν
′
R

= ℓLV
ℓ†
L i /∂V ℓ

LℓL + . . .

= ℓLi /∂ℓL + ℓR i /∂ℓR + νLi /∂νL + νR i /∂νR
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LH,L = −
(
v + H√

2

)[
ℓ′L Y

′ℓ
ℓ
′
R + ν ′

L Y
′ν
ν
′
R

]
+ H.c.

ℓ
′
L = V ℓ

L ℓL ℓ
′
R = V ℓ

R ℓR ν
′
L = V ν

L nL ν
′
R = V ν

R nR

LH,L = −
(
v + H√

2

)[
ℓLV

ℓ†
L Y ′ℓV ℓ

RℓR + nLV
ν†
L Y ′νV ν

RnR

]
+ H.c.

V
ℓ†
L Y ′ℓ V ℓ

R = Y ℓ Y ℓ
αβ = y ℓα δαβ (α, β = e, µ, τ)

V
ν†
L Y ′ν V ν

R = Y ν Y ν
kj = yνk δkj (k , j = 1, 2, 3)

Real and Positive y ℓα, y
ν
k

V
†
L Y ′ VR = Y ⇐⇒ Y ′ = VL Y V

†
R

18 9 3 9
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◮ Consider the Hermitian matrix Y ′Y ′†

◮ It has real eigenvalues and orthonormal eigenvectors:

Y ′Y ′†vk = λkvk ⇔
∑

β

(Y ′Y ′†)αβ(vk)β = λk(vk)α

◮ Unitary diagonalizing matrix: (VL)βk = (vk)β

Y ′Y ′†VL = ΛVL =⇒ V
†
LY

′Y ′†VL = Λ with Λkj = λkδkj

◮ The real eigenvalues λk are positive:

λk =
∑

α

(V †
LY

′)kα(Y
′†VL)αk =

∑

α

(V †
LY

′)kα(V
†
LY

′)†αk

=
∑

α

(V †
LY

′)kα(V
†
LY

′)∗kα =
∑

α

|V †
LY

′)kα|2 ≥ 0

◮ Then, we can write V
†
LY

′Y ′†VL = Y 2 with (Y )kj = ykδkj

real and positive yk =
√
λk
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◮ Let us write Y ′ as Y ′ = VLYV
†
R

◮ This is the diagonalizing equation if VR is unitary.

V
†
R = Y−1V

†
LY

′ VR = Y ′†VLY
−1 with Y † = Y

◮ V
†
RVR = Y−1V

†
LY

′Y ′†VLY
−1 = Y−1Y 2Y−1 = 1

◮ VRV
†
R = Y ′†VLY

−1Y−1V
†
LY

′ = Y ′†VLY
−2V

†
LY

′

Y−2 = V
†
L (Y

′†)−1(Y ′)−1VL

VRV
†
R = Y ′†VLV

†
L (Y

′†)−1(Y ′)−1VLV
†
LY

′ = Y ′†(Y ′†)−1(Y ′)−1Y ′ = 1

◮ In conclusion: V †
LY

′VR = Y with unitary VL and VR

(Y )kj = ykδkj with real and positive yk
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Massive Chiral Lepton Fields

ℓL = V
ℓ†
L ℓ

′
L ≡




eL

µL

τL


 ℓR = V

ℓ†
R ℓ

′
R ≡




eR

µR

τR




nL = V
ν†
L ν

′
L ≡




ν1L

ν2L

ν3L


 nR = V

ν†
R ν

′
R ≡




ν1R

ν2R

ν3R




LH,L = −
(
v + H√

2

)[
ℓL Y

ℓ
ℓR + nL Y

ν nR

]
+ H.c.

= −
(
v + H√

2

)[ ∑

α=e,µ,τ

y ℓα ℓαL ℓαR +
3∑

k=1

yνk νkL νkR

]
+ H.c.
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Massive Dirac Lepton Fields

ℓα ≡ ℓαL + ℓαR (α = e, µ, τ)

νk = νkL + νkR (k = 1, 2, 3)

LH,L = −
∑

α=e,µ,τ

y ℓα v√
2
ℓα ℓα −

3∑

k=1

yνk v√
2
νk νk Mass Terms

−
∑

α=e,µ,τ

y ℓα√
2
ℓα ℓαH −

3∑

k=1

yνk√
2
νk νk H Lepton-Higgs Couplings

Charged Lepton and Neutrino Masses

mα =
y ℓαv√
2

(α = e, µ, τ) mk =
yνk v√

2
(k = 1, 2, 3)

Lepton-Higgs coupling ∝ Lepton Mass

C. Giunti − Theory and Phenomenology of Massive Neutrinos – I − IHEP − 23-29 Sep 2016 − 17/101



Quantization

νk(x) =

∫
d3p

(2π)3 2Ek

∑

h=±1

[
a
(h)
k (p) u

(h)
k (p) e−ip·x + b

(h)
k

†
(p) v

(h)
k (p) e ip·x

]

p0 = Ek =

√
~p2 +m2

k

(/p −mk) u
(h)
k (p) = 0

(/p +mk) v
(h)
k (p) = 0

~p · ~Σ
|~p| u

(h)
k (p) = h u

(h)
k (p)

~p · ~Σ
|~p| v

(h)
k (p) = −h v (h)k (p)

{a(h)k (p), a
(h′)†
k (p′)} = {b(h)k (p), b

(h′)†
k (p′)} = (2π)3 2Ek δ

3(~p −~p′) δhh′
{a(h)k (p), a

(h′)
k (p′)} = {a(h)†k (p), a

(h′)†
k (p′)} = 0

{b(h)k (p), b
(h′)
k (p′)} = {b(h)†k (p), b

(h′)†
k (p′)} = 0

{a(h)k (p), b
(h′)
k (p′)} = {a(h)†k (p), b

(h′)†
k (p′)} = 0

{a(h)k (p), b
(h′)†
k (p′)} = {a(h)†k (p), b

(h′)
k (p′)} = 0
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Mixing

Charged-Current Weak Interaction Lagrangian

L
(CC)
I = − g

2
√
2
j
ρ
WWρ + H.c.

Weak Charged Current: j
ρ
W = j

ρ
W ,L + j

ρ
W ,Q

Leptonic Weak Charged Current

j
ρ†
W ,L = 2

∑

α=e,µ,τ

ℓ′αL γ
ρ ν ′αL = 2 ℓ′L γ

ρ
ν
′
L

ℓ
′
L = V ℓ

L ℓL ν
′
L = V ν

L nL

j
ρ†
W ,L = 2 ℓL V

ℓ†
L γρ V ν

L nL = 2 ℓL γ
ρ V

ℓ†
L V ν

L nL = 2 ℓL γ
ρ U nL

Mixing Matrix

U = V
ℓ†
L V ν

L
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◮ Definition: Left-Handed Flavor Neutrino Fields

νL = U nL = V
ℓ†
L V ν

L nL = V
ℓ†
L ν

′
L =



νeL
νµL
ντL




◮ They allow us to write the Leptonic Weak Charged Current as in the SM:

j
ρ†
W ,L = 2 ℓL γ

ρ
νL = 2

∑

α=e,µ,τ

ℓαL γ
ρ ναL

◮ Each left-handed flavor neutrino field is associated with the
corresponding charged lepton field which describes a massive charged
lepton:

j
ρ†
W ,L = 2 (eL γ

ρ νeL + µL γ
ρ νµL + τL γ

ρ ντL)

◮ In practice left-handed flavor neutrino fields are useful for calculations in
the SM approximation of massless neutrinos (interactions).

◮ If neutrino masses must be taken into account, it is necessary to use

j
ρ†
W ,L = 2 ℓL γ

ρ U nL = 2
∑

α=e,µ,τ

3∑

k=1

ℓαL γ
ρ Uαk νkL
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Flavor Lepton Numbers

Flavor Neutrino Fields are useful for defining
Flavor Lepton Numbers

as in the SM

Le Lµ Lτ

(νe , e
−) +1 0 0

(νµ , µ
−) 0 +1 0

(ντ , τ
−) 0 0 +1

Le Lµ Lτ

(νce , e
+) −1 0 0

(
νcµ , µ

+
)

0 −1 0

(νcτ , τ
+) 0 0 −1

L = Le + Lµ + Lτ

Standard Model: Lepton numbers are conserved
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◮ Le , Lµ, Lτ are conserved in the Standard Model with massless neutrinos

◮ Dirac mass term:

L
D = −

(
νeL νµL ντL

)


mD

ee mD
eµ mD

eτ

mD
µe mD

µµ mD
µτ

mD
τe mD

τµ mD
ττ





νeR
νµR
ντR


+ H.c.

Le , Lµ, Lτ are not conserved

◮ L is conserved: L(ναR) = L(νβL) =⇒ |∆L| = 0
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◮ Leptonic Weak Charged Current is invariant under the global U(1) gauge
transformations

ℓαL → e iϕα ℓαL ναL → e iϕα ναL (α = e, µ, τ)

◮ If neutrinos are massless (SM), Noether’s theorem implies that there is,
for each flavor, a conserved current:

jρα = ναL γ
ρ ναL + ℓα γ

ρ ℓα ∂ρj
ρ
α = 0

and a conserved charge:

Lα =

∫
d3x j0α(x) ∂0Lα = 0

:Lα : =

∫
d3p

(2π)3 2E

[
a(−)†
να (p) a(−)

να (p)− b(+)†
να (p) b(+)

να (p)
]

+

∫
d3p

(2π)3 2E

∑

h=±1

[
a
(h)†
ℓα

(p) a
(h)
ℓα

(p)− b
(h)†
ℓα

(p) b
(h)
ℓα

(p)
]
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◮ Lepton-Higgs Yukawa Lagrangian:

LH,L = −
(
v + H√

2

)[ ∑

α=e,µ,τ

y ℓα ℓαL ℓαR +
3∑

k=1

yνk νkL νkR

]
+ H.c.

◮ Mixing: ναL =
3∑

k=1

Uαk νkL ⇐⇒ νkL =
∑

α=e,µ,τ

U∗
αk ναL

LH,L = −
(
v + H√

2

) ∑

α=e,µ,τ

[
y ℓα ℓαL ℓαR + ναL

3∑

k=1

Uαk y
ν
k νkR

]
+ H.c.

◮ Invariant for
ℓαL → e iϕα ℓαL , ναL → e iϕα ναL

ℓαR → e iϕα ℓαR ,

3∑

k=1

Uαk y
ν
k νkR → e iϕα

3∑

k=1

Uαk y
ν
k νkR

◮ But kinetic part of neutrino Lagrangian is not invariant

L
(ν)
kinetic =

∑

α=e,µ,τ

ναLi /∂ναL +
3∑

k=1

νkR i /∂νkR

because
∑3

k=1 Uαk y
ν
k νkR is not a unitary combination of the νkR ’s
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Total Lepton Number
◮ Dirac neutrino masses violate conservation of Flavor Lepton Numbers

◮ Total Lepton Number is conserved, because Lagrangian is invariant
under the global U(1) gauge transformations

νkL → e iϕ νkL , νkR → e iϕ νkR (k = 1, 2, 3)

ℓαL → e iϕ ℓαL , ℓαR → e iϕ ℓαR (α = e, µ, τ)
◮ From Noether’s theorem:

jρ =
3∑

k=1

νk γ
ρ νk +

∑

α=e,µ,τ

ℓα γ
ρ ℓα ∂ρj

ρ = 0

Conserved charge: Lα =

∫
d3x j0α(x) ∂0Lα = 0

:L: =
3∑

k=1

∫
d3p

(2π)3 2E

∑

h=±1

[
a(h)†νk

(p) a(h)νk
(p)− b(h)†νk

(p) b(h)νk
(p)
]

+
∑

α=e,µ,τ

∫
d3p

(2π)3 2E

∑

h=±1

[
a
(h)†
ℓα

(p) a
(h)
ℓα

(p)− b
(h)†
ℓα

(p) b
(h)
ℓα

(p)
]
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Mixing Matrix

◮ U = V
ℓ†
L V ν

L =



Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3




◮ Unitary N×N matrix depends on N2 independent real parameters

N = 3 =⇒
N (N − 1)

2
= 3 Mixing Angles

N (N + 1)

2
= 6 Phases

◮ Not all phases are physical observables

◮ Neutrino Lagrangian: kinetic terms + mass terms + weak interactions

◮ Mixing is due to the diagonalization of the mass terms

◮ The kinetic terms are invariant under unitary transformations of the
fermion fields

◮ What is the effect of mixing in weak interactions?

C. Giunti − Theory and Phenomenology of Massive Neutrinos – I − IHEP − 23-29 Sep 2016 − 26/101



◮ Weak Charged Current: jρ†W ,L = 2
∑

α=e,µ,τ

3∑

k=1

ℓαL γ
ρ Uαk νkL

◮ Apart from the Weak Charged Current, the Lagrangian is invariant
under the global phase transformations (6 arbitrary phases)

ℓα → e iϕα ℓα (α = e, µ, τ) , νk → e iϕk νk (k = 1, 2, 3)

◮ Performing this transformation, the Weak Charged Current becomes

j
ρ†
W ,L = 2

∑

α=e,µ,τ

3∑

k=1

ℓαL e
−iϕα γρ Uαk e

iϕk νkL

j
ρ†
W ,L = 2 e−i(ϕe−ϕ1)

︸ ︷︷ ︸
1

∑

α=e,µ,τ

3∑

k=1

ℓαL e−i(ϕα−ϕe)
︸ ︷︷ ︸

2

γρ Uαk e i(ϕk−ϕ1)
︸ ︷︷ ︸

2

νkL

◮ There are 5 independent combinations of the phases of the fields that
can be chosen to eliminate 5 of the 6 phases of the mixing matrix

◮ 5 and not 6 phases of the mixing matrix can be eliminated because a
common rephasing of all the lepton fields leaves the Weak Charged
Current invariant ⇐⇒ conservation of Total Lepton Number.
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◮ The mixing matrix contains 1 Physical Phase.

◮ It is convenient to express the 3× 3 unitary mixing matrix only in terms
of the four physical parameters:

3 Mixing Angles and 1 Phase
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Standard Parameterization of Mixing Matrix



νeL
νµL
ντL


 =



Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3





ν1L
ν2L
ν3L




U =



1 0 0
0 c23 s23
0 −s23 c23






c13 0 s13e
−iδ13

0 1 0
−s13e iδ13 0 c13






c12 s12 0
−s12 c12 0
0 0 1




=









c12c13 s12c13 s13e
−iδ13

−s12c23−c12s23s13e
iδ13 c12c23−s12s23s13e

iδ13 s23c13

s12s23−c12c23s13e
iδ13 −c12s23−s12c23s13e

iδ13 c23c13









cab ≡ cosϑab sab ≡ sinϑab 0 ≤ ϑab ≤
π

2
0 ≤ δ13 < 2π

3 Mixing Angles ϑ12, ϑ23, ϑ13 and 1 Phase δ13
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Standard Parameterization

U =



1 0 0
0 c23 s23
0 −s23 c23






c13 0 s13e
−iδ13

0 1 0
−s13e iδ13 0 c13






c12 s12 0
−s12 c12 0
0 0 1




Example of Different Phase Convention

U =



1 0 0
0 c23 s23e

iδ23

0 −s23e−iδ13 c23






c13 0 s13
0 1 0
−s13 0 c13






c12 s12 0
−s12 c12 0
0 0 1




Example of Different Parameterization

U =




c ′12 s ′12e
−iδ′12 0

−s ′12e iδ
′
12 c ′12 0

0 0 1





1 0 0
0 c ′23 s ′23
0 −s ′23 c ′23






c ′13 0 s ′13
0 1 0
−s ′13 0 c ′13
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CP Violation

◮ U 6= U∗ =⇒ CP Violation (CPV)

◮ General conditions for CP violation (14 conditions):

1. No charged leptons or neutrinos are degenerate in mass (6 conditions)
2. No mixing angle is equal to 0 or π/2 (6 conditions)
3. The physical phase is different from 0 or π (2 conditions)

◮ These 14 conditions are combined into the single condition

detC 6= 0 with C = −i [M ′ν M ′ν† , M ′ℓM ′ℓ†]

detC = −2 J
(
m2

ν2 −m2
ν1

) (
m2

ν3 −m2
ν1

) (
m2

ν3 −m2
ν2

)

(
m2

µ −m2
e

) (
m2

τ −m2
e

) (
m2

τ −m2
µ

)
6= 0

◮ Jarlskog rephasing invariant: J = ℑm
[
Ue2U

∗
e3U

∗
µ2Uµ3

]

[C. Jarlskog, Phys. Rev. Lett. 55 (1985) 1039, Z. Phys. C 29 (1985) 491]

[O. W. Greenberg, Phys. Rev. D 32 (1985) 1841]

[I. Dunietz, O. W. Greenberg, Dan-di Wu, Phys. Rev. Lett. 55 (1985) 2935]

C. Giunti − Theory and Phenomenology of Massive Neutrinos – I − IHEP − 23-29 Sep 2016 − 31/101



Example: ϑ12 = 0

U = R23R13W12

W12 =




cosϑ12 sinϑ12e
−iδ12 0

− sinϑ12e
−iδ12 cosϑ12 0

0 0 1




ϑ12 = 0 =⇒ W12 =



1 0 0
0 1 0
0 0 1


 = 1

real mixing matrix U = R23R13
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Example: ϑ13 = π/2

U = R23W13R12

W13 =




cosϑ13 0 sinϑ13e
−iδ13

0 1 0
− sinϑ13e

iδ13 0 cosϑ13




ϑ13 = π/2 =⇒ W13 =




0 0 e−iδ13

0 1 0
−e iδ13 0 0




U =









0 0 e−iδ13

−s12c23−c12s23e
iδ13 c12c23−s12s23e

iδ13 0

s12s23−c12c23e
iδ13 −c12s23−s12c23e

iδ13 0
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U =




0 0 e−iδ13

|Uµ1|e iλµ1 |Uµ2|e iλµ2 0
|Uτ1|e iλτ1 |Uτ2|e iλτ2 0




λµ1 − λµ2 = λτ1 − λτ2 ± π λτ1 − λµ1 = λτ2 − λµ2 ± π

νk → e iϕk νk (k = 1, 2, 3) , ℓα → e iϕα ℓα (α = e, µ, τ)

U →
(

e−iϕe 0 0
0 e−iϕµ 0
0 0 e−iϕτ

)(
0 0 e−iδ13

|Uµ1|e iλµ1 |Uµ2|e iλµ2 0

|Uτ1|e iλτ1 |Uτ2|e iλτ2 0

)(
e iϕ1 0 0
0 e iϕ2 0
0 0 e iϕ3

)

U =

(
0 0 e i(−δ13−ϕe+ϕ3)

|Uµ1|e i(λµ1−ϕµ+ϕ1) |Uµ2|e i(λµ2−ϕµ+ϕ2) 0

|Uτ1|e i(λτ1−ϕτ+ϕ1) |Uτ2|e i(λτ2−ϕτ+ϕ2) 0

)

ϕ1 = 0 ϕµ = λµ1 ϕτ = λτ1 ϕ2 = ϕµ − λµ2 = λµ1 − λµ2
ϕ2 = ϕτ − λτ2 ± π = λτ1 − λτ2 ± π = λµ1 − λµ2 OK!

U =

(
0 0 ±1

|Uµ1| |Uµ2| 0
|Uτ1| −|Uτ2| 0

)
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Example: mν2 = mν3

j
ρ
W ,L = 2nL U

† γρ ℓL

U = R12R13W23 =⇒ j
ρ
W ,L = 2nLW

†
23R

†
13R

†
12 γ

ρ
ℓL

W23 =



1 0 0
0 cosϑ23 sinϑ23e

−iδ23

0 − sinϑ23e
−iδ23 cosϑ23




W23nL = n
′
L R12R13 = U ′ =⇒ j

ρ
W ,L = 2n′

L U
′† γρ ℓL

ν2 and ν3 are indistinguishable

drop the prime =⇒ j
ρ
W ,L = 2nL U

† γρ ℓL

real mixing matrix U = R12R13
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Jarlskog Rephasing Invariant

◮ Simplest rephasing invariants: |Uαk |2 = UαkU
∗
αk , UαkU

∗
αjU

∗
βkUβj

◮ Simplest CPV rephasing invariants: ℑm
[
UαkU

∗
αjU

∗
βkUβj

]
= ±J

J = ℑm
[
Ue2U

∗
e3U

∗
µ2Uµ3

]
= ℑm



· ◦ ×
· × ◦
· · ·




◮ In standard parameterization:

J = c12s12c23s23c
2
13s13 sin δ13

=
1

8
sin 2ϑ12 sin 2ϑ23 cosϑ13 sin 2ϑ13 sin δ13

◮ Jarlskog invariant is useful for quantifying CP violation due to U 6= U∗

in a parameterization-independent way.

◮ All measurable CP-violation effects depend on J.
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Maximal CP Violation

◮ Maximal CP violation is defined as the case in which |J| has its
maximum possible value

|J|max = Max| c12s12︸ ︷︷ ︸
1
2

c23s23︸ ︷︷ ︸
1
2

c213s13︸ ︷︷ ︸
2

3
√
3

sin δ13︸ ︷︷ ︸
1

| = 1

6
√
3

◮ In the standard parameterization it is obtained for

ϑ12 = ϑ23 = π/4 , s13 = 1/
√
3 , sin δ13 = ±1

◮ This case is called Trimaximal Mixing. All the absolute values of the
elements of the mixing matrix are equal to 1/

√
3:

U =




1√
3

1√
3

∓ i√
3

−1
2 ∓ i

2
√
3

1
2 ∓ i

2
√
3

1√
3

1
2 ∓ i

2
√
3
−1

2 ∓ i

2
√
3

1√
3


 =

1√
3




1 1 ∓i
−e±iπ/6 e∓iπ/6 1

e∓iπ/6 −e±iπ/6 1
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GIM Mechanism
[S.L. Glashow, J. Iliopoulos, L. Maiani, Phys. Rev. D 2 (1970) 1285]

◮ Neutral-Current Weak Interaction Lagrangian:

L
(NC)
I = − g

2 cosϑW
j
ρ
ZZρ j

ρ
Z = j

ρ
Z ,L + j

ρ
Z ,Q

◮ Leptonic Weak Neutral Current: (gν
L = 1

2
, g ℓ

L = −

1
2
+ sin2 ϑW, g ℓ

R = sin2 ϑW)

j
ρ
Z ,L = 2gν

L ν ′
L γ

ρ
ν
′
L + 2g ℓ

L ℓ
′
L γ

ρ
ℓ
′
L + 2g ℓ

R ℓ′R γ
ρ
ℓ
′
R

◮ Invariant under mixing transformations with unitarity V ℓ
L , V

ℓ
R , V

ν
L :

j
ρ
Z ,L = 2gν

L nL V
ν†
L γρ V ν

L nL + 2g ℓ
L ℓL V

ℓ†
L γρ V ℓ

L ℓL + 2g ℓ
R ℓR V

ℓ†
R γρ V ℓ

R ℓR

= 2gν
L nL γ

ρ
nL + 2g ℓ

L ℓL γ
ρ
ℓL + 2g ℓ

R ℓR γ
ρ
ℓR

◮ Invariant also under the mixing transformation νL = U nL which defines
the flavor neutrino fields:

j
ρ
Z ,L = 2gν

L νL U γ
ρ U†

νL + 2g ℓ
L ℓL γ

ρ
ℓL + 2g ℓ

R ℓR γ
ρ
ℓR

= 2gν
L νL γ

ρ
νL + 2g ℓ

L ℓL γ
ρ
ℓL + 2g ℓ

R ℓR γ
ρ
ℓR

◮ Mixing has no effect in neutral-current weak interactions.
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Lepton Numbers Violating Processes

Dirac mass term allows Le , Lµ, Lτ violating processes

Example: µ± → e± + γ , µ± → e± + e+ + e−

µ− → e− + γ

W

γ

U ∗µk Uek

νkµ− e−

W

∑

k

U∗
µkUek = 0 =⇒ GIM suppression: A ∝

∑

k

U∗
µkUek f (mk)
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L
(CC)
I = − g

2
√
2
W α [νeγα (1− γ5) e + νµγα (1− γ5)µ+ . . .]

= − g

2
√
2
W α

∑

k

[
νkU

∗
ekγα (1− γ5)e + νkU

∗
µkγα (1− γ5)µ+ . . .

]

W

γ

µ− e−

W

νk

/p +mk

p2 −m2
k

U ∗µkγβ(1− γ5) Uekγα(1− γ5)

uµ ue

A ∝
∑

k

ueUekγα (1− γ5)
/p +✟✟❍❍mk

p2 −m2
k

U∗
µkγβ (1− γ5)uµ
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1

p2 −m2
k

= p−2

(
1− m2

k

p2

)−1

≃ p−2

(
1 +

m2
k

p2

)

A ∝
∑

k

UekU
∗
µk

(
1 +

m2
k

p2

)
=
∑

k

UekU
∗
µk

m2
k

p2
→
∑

k

UekU
∗
µk

m2
k

m2
W

Γ =
GFm

5
µ

192π3
3α

32π

∣∣∣∣∣
∑

k

UekU
∗
µk

m2
k

m2
W

∣∣∣∣∣

2

︸ ︷︷ ︸
BR

[Petcov, Sov. J. Nucl. Phys. 25 (1977) 340; Bilenky, Petcov, Pontecorvo, PLB 67 (1977) 309; Lee, Shrock, PRD 16 (1977) 1444]

Suppression factor:
mk

mW

. 10−11 for mk . 1 eV

(BR)the . 10−47 (BR)exp . 10−11
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Majorana Neutrino Masses and Mixing

Dirac Neutrino Masses and Mixing

Majorana Neutrino Masses and Mixing
Two-Component Theory of a Massless Neutrino
Majorana Equation
CP Symmetry
Effective Majorana Mass
Mixing of Three Majorana Neutrinos

Dirac-Majorana Mass Term

Sterile Neutrinos
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Two-Component Theory of a Massless Neutrino
[L. Landau, Nucl. Phys. 3 (1957) 127; T.D. Lee, C.N. Yang, Phys. Rev. 105 (1957) 1671; A. Salam, Nuovo Cim. 5 (1957) 299]

◮ Dirac Equation: (iγµ∂µ −m)ψ = 0

◮ Chiral decomposition of a Fermion Field: ψ = ψL + ψR

◮ Equations for the Chiral components are coupled by mass:

iγµ∂µψL = mψR

iγµ∂µψR = mψL

◮ They are decoupled for a massless fermion: Weyl Equations (1929)

iγµ∂µψL = 0
iγµ∂µψR = 0

◮ A massless fermion can be described by a single chiral field ψL or ψR

(Weyl Spinor).
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◮ Chiral representation of γ matrices:

γ0 =

(
0 −1
−1 0

)
~γ =

(
0 ~σ
−~σ 0

)
γ5 =

(
1 0
0 −1

)

PL =
1− γ5

2
=

(
0 0
0 1

)
PR =

1 + γ5

2
=

(
1 0
0 0

)

◮ Four-components Dirac spinor: ψ =

(
χR

χL

)
=




χR1

χR2

χL1

χL2




◮ The Weyl spinors ψL and ψR have only two components:

ψL = PLψ =

(
0
χL

)
≡




0
0
χL1

χL2


 ψR = PRψ =

(
χR

0

)
≡




χR1

χR2

0
0
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◮ The possibility to describe a physical particle with a Weyl spinor was

rejected by Pauli in 1933 because it leads to parity violation (ψL
P−⇀↽− ψR)

◮ Parity is the symmetry of space inversion (mirror transformation)

x

z

y

mirror

x

y

z

right-handed frame left-handed frame

◮ Parity was considered to be an exact symmetry of nature

◮ 1956: Lee and Yang understand that Parity can be violated in Weak
Interactions (1957 Physics Nobel Prize)

◮ 1957: Wu et al. discover Parity violation in β-decay of 60Co
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◮ Parity: xµ = (x0,~x)
P−→ x

µ
P = (x0,−~x) = xµ

◮ The transformation of a fermion field ψ(x) under parity is determined
from the invariance of the theory under parity.

◮ Dirac Lagrangian:

LD(x) = ψ(x) (i /∂ −m)ψ(x) = ψ(x)
(
iγ0∂0 + iγk∂k −m

)
ψ(x)

↓ P

ψ
P
(xP)

(
iγ0∂0 − iγk∂k −m

)
ψP(xP)

◮ It is equal to LD(xP) if ψP(xP) = ξP γ
0 ψ(x)

◮ Invariance is obtained from the action because

∣∣∣∣
∂xP
∂x

∣∣∣∣ = 1:

ID =

∫
d4x LD(x) =

∫
d4xP LD(xP)
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◮ ψ(x)
P−→ ψP(xP) = ξP γ

0 ψ(x)

◮ ψL(x)
P−→ ψP

L (xP) = ξP γ
0 ψL(x)

◮ PLψ
P
L = ξP

1− γ5
2

γ0 ψL = ξP γ
0 1 + γ5

2
ψL = 0

◮ PRψ
P
L = ξP

1 + γ5

2
γ0 ψL = ξP γ

0 1− γ5
2

ψL = ψP
L

◮ Therefore ψP
L is right-handed: in this sense ψL

P−⇀↽− ψR

◮ Explicit proof in the chiral representation:

ψP
L = ξP γ

0 ψL = ξP

(
0 −1
−1 0

)(
0
χL

)
= −ξP

(
χL

0

)
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◮ The discovery of parity violation in 1956-57 invalidated Pauli’s reasoning,
opening the possibility to describe massless particles with Weyl spinor
fields =⇒ Two-component Theory of a Massless Neutrino (1957)

◮ 1958: Goldhaber, Grodzins and Sunyar measured the polarization of the
neutrino in the electron capture e− + 152Eu→ 152Sm∗ + νe , with the
subsequent decay 152Sm∗ → 152Sm + γ =⇒ neutrinos are left-handed
=⇒ νL [PR 109 (1958) 1015]
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Left-Handed Neutrinos

◮ 1958: Goldhaber, Grodzins and Sunyar measure neutrino helicity

−~p ~p

Sz = 1 Sz = −1/2

Sz = 0

γ

Sz = 1

152Sm∗ νe

152Sm

152Eu

Sz = 0Sz = 1/2

e−

hγ = hSm∗ = hν = −1

−~p ~p

Sz = −1 Sz = +1/2

Sz = 0

γ

Sz = −1

152Sm∗ ν

152Sm

152Eu

Sz = 0Sz = −1/2

e−

hγ = hSm∗ = hν = +1

hγ = −0.91± 0.19 =⇒ NEUTRINOS ARE LEFT-HANDED: νL
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V − A Weak Interactions
[Feynman, Gell-Mann, PR 109 (1958) 193; Sudarshan, Marshak, PR 109 (1958) 1860; Sakurai, NC 7 (1958) 649]

◮ The Fermi Hamiltonian (1934) Hβ = g (pγαn) (eγαν) + H.c.
explained only nuclear decays with ∆J = 0.

◮ 1936: Gamow and Teller extension to describe observed nuclear decays
with |∆J| = 1: [PR 49 (1936) 895]

Hβ =
5∑

j=1

[
gj
(
pΩj n

)
(e Ωj νe) + g ′

j

(
pΩj n

)
(e Ωj γ5 νe)

]
+H.c.

with Ω1 = 1, Ω2 = γα, Ω3 = σαβ , Ω4 = γαγ5, Ω5 = γ5

◮ 1958: Using simplicity arguments, Feynman and Gell-Mann, Sudarshan
and Marshak, Sakurai propose the universal theory of parity-violating
V − A Weak Interactions:

HW =
GF√
2

{[
pγα

(
1− γ5

)
n
] [
eγα

(
1− γ5

)
ν
]

+
[
νγα

(
1− γ5

)
µ
] [

eγα
(
1− γ5

)
ν
]}

+H.c.

in agreement with νL =
1− γ5

2
ν
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Standard Model
◮ Glashow (1961), Weinberg (1967) and Salam (1968) formulate the

Standard Model of ElectroWeak Interactions (1979 Physics Nobel Prize)
assuming that neutrinos are massless and left-handed

◮ Universal V − A Weak Interactions

◮ Quantum Field Theory: νL ⇒ |ν(h = −1)〉 and |ν̄(h = +1)〉

◮ Parity is violated: νL
P−→✟✟❍❍νR |ν(h = −1)〉 P−→✭✭✭✭✭✭❤❤❤❤❤❤|ν(h = +1)〉

~v ~v

mirror

left-handed neutrino right-handed neutrino

◮ Particle-Antiparticle symmetry (Charge Conjugation) is violated:

νL
C−→✟✟❍❍νR |ν(h = −1)〉 C−→✭✭✭✭✭✭❤❤❤❤❤❤|ν̄(h = −1)〉
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◮ Charge conjugation: ψ(x)
C−→ ψc(x) = ξC C ψT

(x)

◮ Charge conjugation matrix: C γTµ C−1 = −γµ, C† = C−1, CT = −C

◮ Useful property: C (γ5)T C−1 = γ5

◮ ψL(x)
C−→ ψc

L(x) = ξC C ψL
T
(x)

◮ PLψ
c
L = ξC

1− γ5
2
C ψL

T
= ξC C

1− (γ5)T

2
ψL

T
= ξC C (ψLPL)

T = 0

◮ PRψ
c
L = ξC C (ψRPL)

T = ψc
L

◮ Therefore ψc
L is right-handed: in this sense ψL

C−⇀↽− ψR

◮ Explicit proof in the chiral representation: C = −i
(
σ2 0
0 −σ2

)

ψc
L = −ξCγ0Cψ∗

L = ξC

(
0 −1
−1 0

)
(−i)

(
σ2 0
0 −σ2

)(
0
χ∗
L

)
= ξC

(
iσ2χ∗

L

0

)
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Helicity and Chirality

ψL(x) =

∫
d3p

(2π)3 2E

∑

h=±1

[
a(h)(p) u

(h)
L (p) e−ip·x + b(h)

†
(p) v

(h)
L (p) e ip·x

]

u(h)†(p)u(h)(p) = 2E

v (h)†(p)v (h)(p) = 2E

u(h)†(p)γ5u(h)(p) = 2h|~p|
v (h)†(p)γ5v (h)(p) = −2h|~p|

u
(h)†
L (p)u

(h)
L (p) = u(h)†(p)

(
1− γ5

2

)
u(h)(p) = E − h|~p|

u
(−)†
L (p)u

(−)
L (p) = E + |~p| ≃ 2E − m2

2E

u
(+)†
L (p)u

(+)
L (p) = E − |~p| ≃ m2

2E

v
(h)†
L (p)v

(h)
L (p) = v (h)†(p)

(
1− γ5

2

)
v (h)(p) = E + h|~p|

v
(−)†
L (p)v

(−)
L (p) = E − |~p| ≃ m2

2E

v
(+)†
L (p)v

(+)
L (p) = E + |~p| ≃ 2E − m2

2E
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Majorana Equation

◮ Can a two-component spinor describe a massive fermion?

Yes! (E. Majorana, 1937)

◮ Trick: ψR and ψL are not independent: ψR = ψc
L = C ψL

T

charge-conjugation matrix: C γTµ C−1 = −γµ

◮ ψc
L is right-handed: PRψ

c
L = ψc

L PLψ
c
L = 0

◮ iγµ∂µψL = mψR → iγµ∂µψL = mψc
L Majorana equation

◮ Majorana field: ψ = ψL + ψR = ψL + ψc
L

ψ = ψc Majorana condition
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◮ ψ = ψc implies the equality of particle and antiparticle

◮ Only neutral fermions can be Majorana particles

◮ For a Majorana field, the electromagnetic current vanishes identically:

ψγµψ = ψcγµψc = −ψTC†γµCψT
= ψCγµTC†ψ = −ψγµψ = 0

◮ Only two independent components: ψ =

(
iσ2χ∗

L

χL

)
=




χ∗
L2

−χ∗
L1

χL1

χL2
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Majorana Lagrangian

Dirac Lagrangian

L
D = ν (i /∂ −m) ν

= νLi /∂νL + νR i /∂νR −m (νR νL + νL νR)

νR → νcL = C νLT

1

2
L

D → νL i /∂ νL −
m

2

(
−νTL C† νL + νL C νLT

)

Majorana Lagrangian

L
M = νL i /∂ νL −

m

2

(
−νTL C† νL + νL C νLT

)

= νL i /∂ νL −
m

2

(
νcL νL + νL ν

c
L

)
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◮ Majorana field: ν = νL + νcL
such that it satisfies the Majorana condition νc = ν

◮ Majorana Lagrangian: L
M =

1

2
ν (i /∂ −m) ν|ν=νc

◮ Quantized Dirac Neutrino Field:

ν(x) =

∫
d3p

(2π)3 2E

∑

h=±1

[
a(h)(p) u(h)(p) e−ip·x + b(h)

†
(p) v (h)(p) e ip·x

]

◮ Quantized Majorana Neutrino Field [b(h)(p) = a(h)(p)]

ν(x) =

∫
d3p

(2π)3 2E

∑

h=±1

[
a(h)(p) u(h)(p) e−ip·x + a(h)†(p) v (h)(p) e ip·x

]

◮ A Majorana field has half the degrees of freedom of a Dirac field
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Lepton Number

❩
❩
❩❩✚

✚
✚✚

L = +1 ←− ν = νc −→ ❩
❩
❩❩✚

✚
✚✚

L = −1

νL =⇒ L = +1 νcL =⇒ L = −1

L
M = νL i /∂ νL −

m

2

(
νcL νL + νL ν

c
L

)

Total Lepton Number is not conserved: ∆L = ±2

Best process to find violation of Total Lepton Number:

Neutrinoless Double-β Decay

N (A,Z )→ N (A,Z + 2) + 2e− +✟✟❍❍2ν̄e (ββ−0ν)

N (A,Z )→ N (A,Z − 2) + 2e+ +✟✟❍❍2νe (ββ+0ν)
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CP Symmetry

◮ Under a CP transformation

νL(x)
CP−−→ ξCPν γ0 νcL(xP)

νcL(x)
CP−−→ −ξCPν

∗
γ0 νL(xP)

νL(x)
CP−−→ ξCPν

∗
νcL(xP) γ

0

νcL(x)
CP−−→ −ξCPν νL(xP) γ

0

with |ξCPν |2 = 1, xµ = (x0,~x), and x
µ
P = (x0,−~x)

◮ The theory is CP-symmetric if there are values of the phase ξCPν such
that the Lagrangian transforms as

L (x)
CP−−→ L (xP)

in order to keep invariant the action I =

∫
d4x L (x)
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◮ The Majorana Mass Term

L
M
mass(x) = −

1

2
m
[
νcL(x) νL(x) + νL(x) ν

c
L(x)

]

transforms as

L
M
mass(x)

CP−−→ − 1

2
m
[
−(ξCPν )2 νL(xP) ν

c
L(xP)

−(ξCPν
∗
)2 νcL(xP) νL(xP)

]

◮ L
M
mass(x)

CP−−→ L
M
mass(xP) for ξCPν = ±i

◮ The one-generation Majorana theory is CP-symmetric

◮ The Majorana case is different from the Dirac case, in which the CP
phase ξCPν is arbitrary
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No Majorana Neutrino Mass in the SM

◮ Majorana Mass Term ∝
[
νTL C† νL − νL C νLT

]
involves only the neutrino

left-handed chiral field νL, which is present in the SM
◮ Eigenvalues of the weak isospin I , of its third component I3, of the

hypercharge Y and of the charge Q of the lepton and Higgs multiplets:

I I3 Y Q = I3 +
Y
2

lepton doublet LL =


νL
ℓL


 1/2

1/2

−1/2
−1

0

−1
lepton singlet ℓR 0 0 −2 −1

Higgs doublet Φ(x) =


φ+(x)
φ0(x)


 1/2

1/2

−1/2
+1

1

0

◮ νTL C† νL has I3 = 1 and Y = −2 =⇒ needed Y = 2 Higgs triplet
(I = 1, I3 = −1)

◮ Compare with Dirac Mass Term ∝ νRνL with I3 = 1/2 and Y = −1
balanced by φ0 → v with I3 = −1/2 and Y = +1
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Confusing Majorana Antineutrino Terminology

◮ A Majorana neutrino is the same as a Majorana antineutrino

◮ Neutrino interactions are described by the CC and NC Lagrangians

L
CC
I,L = − g√

2

(
νL γ

µ ℓLWµ + ℓL γ
µ νLW

†
µ

)

L
NC
I,ν = − g

2 cosϑW
νL γ

µ νL Zµ

◮ Dirac: νL

{
destroys left-handed neutrinos
creates right-handed antineutrinos

◮ Majorana: νL

{
destroys left-handed neutrinos
creates right-handed neutrinos

◮ Common implicit definitions:

left-handed Majorana neutrino ≡ neutrino
right-handed Majorana neutrino ≡ antineutrino
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Effective Majorana Mass

◮ Dimensional analysis: Fermion Field ∼ [E ]3/2 Boson Field ∼ [E ]

◮ Dimensionless action: I =

∫
d4x L (x) =⇒ L (x) ∼ [E ]4

◮ Kinetic terms: ψi /∂ψ ∼ [E ]4, (∂µφ)
† ∂µφ ∼ [E ]4

◮ Mass terms: mψψ ∼ [E ]4, m2 φ†φ ∼ [E ]4

◮ CC weak interaction: g νLγ
ρ
ℓLWρ ∼ [E ]4

◮ Yukawa couplings: y LLΦℓR ∼ [E ]4

◮ Product of fields Od with energy dimension d ≡ dim-d operator

◮ L(Od ) = C(Od )Od =⇒ C(Od ) ∼ [E ]4−d

◮ Od>4 are not renormalizable
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◮ SM Lagrangian includes all Od≤4 invariant under SU(2)L × U(1)Y

◮ SM cannot be considered as the final theory of everything

◮ SM is an effective low-energy theory

◮ It is likely that SM is the low-energy product of the symmetry breaking
of a high-energy unified theory

◮ It is plausible that at low-energy there are effective non-renormalizable
Od>4 [S. Weinberg, Phys. Rev. Lett. 43 (1979) 1566]

◮ All Od must respect SU(2)L × U(1)Y , because they are generated by the
high-energy theory which must include the gauge symmetries of the SM
in order to be effectively reduced to the SM at low energies
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◮ Od>4 is suppressed by a coefficientM4−d , whereM is a heavy mass
characteristic of the symmetry breaking scale of the high-energy unified
theory:

L = LSM +
g5

M O5 +
g6

M2
O6 + . . .

◮ Analogy with L
(CC)
eff ∝ GF (νeLγ

ρeL) (eLγρνeL) + . . .

O6 → (νeLγ
ρeL) (eLγρνeL) + . . .

g6

M2
→ GF√

2
=

g2

8m2
W

◮ M4−d is a strong suppression factor which limits the observability of the
low-energy effects of the new physics beyond the SM

◮ The difficulty to observe the effects of the effective low-energy
non-renormalizable operators increase rapidly with their dimensionality

◮ O5 =⇒ Majorana neutrino masses (Lepton number violation)

◮ O6 =⇒ Baryon number violation (proton decay)
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◮ Only one dim-5 operator:

O5 = (LTL σ2Φ) C† (ΦT σ2 LL) + H.c.

=
1

2
(LTL C† σ2 ~σ LL) · (ΦT σ2 ~σΦ) + H.c.

L5 =
g5

2M (LTL C† σ2 ~σ LL) · (ΦT σ2 ~σΦ) + H.c.

◮ Electroweak Symmetry Breaking: Φ =

(
φ+
φ0

)
Symmetry−−−−−−→
Breaking

(
0

v/
√
2

)

◮ L5
Symmetry−−−−−−→
Breaking

L
M
mass =

1

2

g5 v
2

M νTL C† νL + H.c. =⇒ m =
g5 v

2

M
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◮ The study of Majorana neutrino masses provides the most accessible
low-energy window on new physics beyond the SM

◮ m ∝ v2

M ∝ m2
D

M natural explanation of smallness of neutrino masses

(special case: See-Saw Mechanism)

◮ Example: mD ∼ v ∼ 102 GeV andM∼ 1015 GeV =⇒ m ∼ 10−2 eV
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Mixing of Three Majorana Neutrinos

◮ ν
′
L ≡



ν ′eL
ν ′µL
ν ′τL




L
M
mass =

1

2
ν
′T
L C†ML

ν
′
L + H.c.

=
1

2

∑

α,β=e,µ,τ

ν ′TαL C†ML
αβ ν

′
βL + H.c.

◮ In general, the matrix ML is a complex symmetric matrix

∑

α,β

ν ′TαL C†ML
αβ ν

′
βL =

∑

α,β

(
ν ′TαL C†ML

αβ ν
′
βL

)T

= −
∑

α,β

ν ′TβL M
L
αβ (C†)T ν ′αL =

∑

α,β

ν ′TβL C†ML
αβ ν

′
αL

=
∑

α,β

ν ′TαL C†ML
βα ν

′
βL

ML
αβ = ML

βα ⇐⇒ ML = MLT
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◮ L
M
mass =

1

2
ν
′T
L C†ML

ν
′
L + H.c.

◮ ν
′
L = V ν

L nL =⇒ L
M
mass =

1

2
ν
′T
L (V ν

L )
T C†ML V ν

L ν
′
L + H.c.

◮ (V ν
L )

T ML V ν
L = M , Mkj = mk δkj (k , j = 1, 2, 3)

◮ Left-handed chiral fields with definite mass: nL = V ν
L
†
ν
′
L =



ν1L
ν2L
ν3L




L
M
mass =

1

2

(
n
T
L C†M nL − nLM C n

T
L

)

=
1

2

3∑

k=1

mk

(
νTkL C† νkL − νkL C νTkL

)

◮ Majorana fields of massive neutrinos: νk = νkL + νckL νck = νk

◮ n =



ν1
ν2
ν3


 =⇒ L

M =
1

2

3∑

k=1

νk (i /∂ −mk) νk |νk=νc
k
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Mixing Matrix

◮ Leptonic Weak Charged Current:

j
ρ†
W ,L = 2 ℓL γ

ρ U nL with U = V
ℓ†
L V ν

L

◮ As in the Dirac case, we define the left-handed flavor neutrino fields as

νL = U nL = V
ℓ†
L ν

′
L =



νeL
νµL
ντL




◮ In this way, as in the Dirac case, the Leptonic Weak Charged Current
has the SM form

j
ρ†
W ,L = 2 ℓL γ

ρ
νL = 2

∑

α=e,µ,τ

ℓαL γ
ρ ναL

◮ Important difference with respect to Dirac case:
Two additional CP-violating phases: Majorana phases
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◮ Majorana Mass Term L
M =

1

2

3∑

k=1

mk ν
T
kL C† νkL + H.c. is not invariant

under the global U(1) gauge transformations

νkL → e iϕk νkL (k = 1, 2, 3)

◮ For eliminating some of the 6 phases of the unitary mixing matrix we
can use only the global phase transformations (3 arbitrary phases)

ℓα → e iϕα ℓα (α = e, µ, τ)
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◮ Weak Charged Current: jρ†W ,L = 2
∑

α=e,µ,τ

3∑

k=1

ℓαL γ
ρ Uαk νkL

◮ Performing the transformation ℓα → e iϕα ℓα we obtain

j
ρ†
W ,L = 2

∑

α=e,µ,τ

3∑

k=1

ℓαL e
−iϕα γρ Uαk νkL

j
ρ†
W ,L = 2 e−iϕe

︸ ︷︷ ︸
1

∑

α=e,µ,τ

3∑

k=1

ℓαL e−i(ϕα−ϕe)
︸ ︷︷ ︸

2

γρ Uαk νkL

◮ We can eliminate 3 phases of the mixing matrix: one overall phase and
two phases which can be factorized on the left.

◮ In the Dirac case we could eliminate also two phases which can be
factorized on the right.
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◮ In the Majorana case there are two additional physical Majorana phases
which can be factorized on the right of the mixing matrix:

U = UDDM DM =



1 0 0
0 e iλ2 0
0 0 e iλ3




◮ UD is a Dirac mixing matrix, with one Dirac phase

◮ Standard parameterization:

U=









c12c13 s12c13 s13e
−iδ13

−s12c23−c12s23s13e
iδ13 c12c23−s12s23s13e

iδ13 s23c13

s12s23−c12c23s13e
iδ13 −c12s23−s12c23s13e

iδ13 c23c13

















1 0 0

0 e iλ2 0

0 0 e iλ3
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◮ DM = diag
(
e iλ1 , e iλ2 , e iλ3

)
, but only two Majorana phases are physical

◮ All measurable quantities depend only on the differences of the
Majorana phases

ℓα → e iϕℓα =⇒ e iλk → e i(λk−ϕ)

e i(λk−λj ) remains constant

◮ Our convention: λ1 = 0 =⇒ DM = diag
(
1 , e iλ2 , e iλ3

)

◮ CP is conserved if all the elements of each column of the mixing matrix
are either real or purely imaginary:

δ13 = 0 or π and λk = 0 or π/2 or π or 3π/2
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Dirac-Majorana Mass Term

Dirac Neutrino Masses and Mixing

Majorana Neutrino Masses and Mixing

Dirac-Majorana Mass Term
One Generation
See-Saw Mechanism
Three-Generation Mixing

Sterile Neutrinos
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One Generation

If νR exists, the most general mass term is the

Dirac-Majorana Mass Term

L
D+M
mass = L

D
mass + L

L
mass + L

R
mass

L
D
mass = −mD νR νL + H.c. Dirac Mass Term

L
L
mass =

1

2
mL ν

T
L C† νL + H.c. Majorana Mass Term

L
R
mass =

1

2
mR ν

T
R C† νR + H.c. New Majorana Mass Term!
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◮ Column matrix of left-handed chiral fields: NL =

(
νL
νcR

)
=

(
νL
C νRT

)

L
D+M
mass =

1

2
NT
L C†M NL + H.c. M =

(
mL mD

mD mR

)

◮ The Dirac-Majorana Mass Term has the structure of a Majorana Mass
Term for two chiral neutrino fields coupled by the Dirac mass

◮ Diagonalization: nL = U† NL =

(
ν1L
ν2L

)

UT M U =

(
m1 0
0 m2

)
Real mk ≥ 0

◮ L
D+M
mass =

1

2

∑

k=1,2

mk ν
T
kL C† νkL + H.c. = −1

2

∑

k=1,2

mk νk νk

νk = νkL + νckL

◮ Massive neutrinos are Majorana! νk = νck
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Real Mass Matrix
◮ CP is conserved if the mass matrix is real: M = M∗

◮ M =

(
mL mD

mD mR

)
we consider real and positive mR and mD and real mL

◮ A real symmetric mass matrix can be diagonalized with U = O ρ
O =

(
cosϑ sinϑ
− sinϑ cosϑ

)
ρ =

(
ρ1 0
0 ρ2

)
ρ2k = ±1

◮ OT M O =

(
m′

1 0
0 m′

2

)
tan 2ϑ =

2mD

mR −mL

m′
2,1 =

1

2

[
mL +mR ±

√
(mL −mR)

2 + 4m2
D

]

◮ m′
1 is negative if mLmR < m2

D

UTMU = ρTOTMOρ =

(
ρ21m

′
1 0

0 ρ22m
′
2

)
=⇒ mk = ρ2k m

′
k
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◮ m′
2 is always positive:

m2 = m′
2 =

1

2

[
mL +mR +

√
(mL −mR)

2 + 4m2
D

]

◮ If mLmR ≥ m2
D, then m′

1 ≥ 0 and ρ21 = 1

m1 =
1

2

[
mL +mR −

√
(mL −mR)

2 + 4m2
D

]

ρ1 = 1 and ρ2 = 1 =⇒ U =

(
cosϑ sinϑ
− sinϑ cosϑ

)

◮ If mLmR < m2
D, then m′

1 < 0 and ρ21 = −1

m1 =
1

2

[√
(mL −mR)

2 + 4m2
D − (mL +mR)

]

ρ1 = i and ρ2 = 1 =⇒ U =

(
i cosϑ sinϑ
−i sinϑ cosϑ

)

C. Giunti − Theory and Phenomenology of Massive Neutrinos – I − IHEP − 23-29 Sep 2016 − 79/101



◮ If ∆m2 is small, there are oscillations between active νa generated by νL
and sterile νs generated by νcR :

Pνa→νs (L,E ) = sin2 2ϑ sin2
(
∆m2 L

4E

)

∆m2 = m2
2 −m2

1 = (mL +mR)

√
(mL −mR)

2 + 4m2
D

◮ It can be shown that the CP parity of νk is ξCPk = i ρ2k :

νk(x)
CP−−→ ξCPk γ0νk

T (xP) ξCP1 = i ρ21 ξCP2 = i

◮ Special cases:

◮ mL = mR =⇒ Maximal Mixing

◮ mL = mR = 0 =⇒ Dirac Limit

◮ |mL|,mR ≪ mD =⇒ Pseudo-Dirac Neutrinos

◮ mL = 0 mD ≪ mR =⇒ See-Saw Mechanism
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Maximal Mixing
mL = mR

tan 2ϑ =
2mD

mR −mL

=⇒ ϑ = π/4

m′
2,1 = mL ±mD{

ρ21 = +1 , m1 = mL −mD if mL ≥ mD

ρ21 = −1 , m1 = mD −mL if mL < mD

m2 = mL +mD

mL < mD





ν1L =
−i√
2
(νL − νcR)

ν2L =
1√
2
(νL + νcR)





ν1 = ν1L + νc1L =
−i√
2
[(νL + νR)− (νcL + νcR)]

ν2 = ν2L + νc2L =
1√
2
[(νL + νR) + (νcL + νcR)]
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Dirac Limit
mL = mR = 0

◮ m′
2,1 = ±mD =⇒

{
ρ21 = −1 m1 = mD ξCP1 = −i
ρ22 = +1 m2 = mD ξCP2 = i

◮ The two Majorana fields ν1 and ν2 can be combined to give one Dirac
field:

ν =
1√
2
(iν1 + ν2) = νL + νR

◮ A Dirac field ν can always be split in two Majorana fields:

ν =
1

2
[(ν−νc) + (ν+νc)]

=
i√
2

(
−i ν − ν

c

√
2

)
+

1√
2

(
ν + νc√

2

)
=

1√
2
(iν1 + ν2)

◮ A Dirac field is equivalent to two Majorana fields with the same mass
and opposite CP parities
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Pseudo-Dirac Neutrinos
|mL| , mR ≪ mD

◮ m′
2,1 ≃

mL +mR

2
±mD

◮ m′
1 < 0 =⇒ ρ21 = −1 =⇒ m2,1 ≃ mD ±

mL +mR

2

◮ The two massive Majorana neutrinos are almost degenerate in mass and
have opposite CP parities (ξCP1 = −i , ξCP2 = i)

◮ The best way to reveal pseudo-Dirac neutrinos are active-sterile neutrino
oscillations due to the small squared-mass difference

∆m2 ≃ mD (mL +mR)

◮ The oscillations occur with practically maximal mixing:

tan 2ϑ =
2mD

mR −mL

≫ 1 =⇒ ϑ ≃ π/4
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See-Saw Mechanism
[Minkowski, PLB 67 (1977) 42; Yanagida (1979); Gell-Mann, Ramond, Slansky (1979); Mohapatra, Senjanovic, PRL 44 (1980) 912]

mL = 0 mD ≪ mR

◮ L L
mass is forbidden by SM symmetries =⇒ mL = 0

◮ mD . v ∼ 100GeV is generated by SM Higgs Mechanism
(protected by SM symmetries)

◮ mR is not protected by SM symmetries =⇒ mR ∼MGUT ≫ v

◮
m′

1 ≃ −
m2

D

mR

m′
2 ≃ mR



 =⇒





ρ21 = −1 , m1 ≃
m2

D

mR

ρ22 = +1 , m2 ≃ mR
ν2

ν1

◮ Natural explanation of smallness of neutrino masses

◮ Mixing angle is very small: tan 2ϑ = 2
mD

mR

≪ 1

◮ ν1 is composed mainly of active νL: ν1L ≃ −i νL
◮ ν2 is composed mainly of sterile νR : ν2L ≃ νcR
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Connection with Effective Lagrangian Approach

◮ Dirac–Majorana neutrino mass term with mL = 0:

L
D+M = −mD (νR νL + νL νR) +

1

2
mR

(
νTR C† νR + ν†R C ν∗R

)

◮ Above the electroweak symmetry-breaking scale:

L
D+M = −yν

(
νR Φ̃† LL + LL Φ̃ νR

)
+

1

2
mR

(
νTR C† νR + ν†R C ν∗R

)

◮ If mR ≫ v =⇒ νR is static =⇒ kinetic term in equation of motion can
be neglected:

0 ≃ ∂L D+M

∂νR
= mR ν

T
R C† − yν LL Φ̃

νR ≃ −
yν

mR

Φ̃T C LLT

L
D+M→L

D+M
5 ≃ −1

2

(yν)2

mR

(LTL σ2Φ) C† (ΦT σ2 LL) + H.c.
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L5 =
g

M (LTL σ2Φ) C† (ΦT σ2 LL) + H.c.

L
D+M
5 ≃ −1

2

(yν)2

mR

(LTL σ2Φ) C† (ΦT σ2 LL) + H.c.

g = −(yν)2

2
M = mR

◮ See-saw mechanism is a particular case of the effective Lagrangian
approach.

◮ See-saw mechanism is obtained when dimension-five operator is
generated only by the presence of νR with mR ∼M.

◮ In general, other terms can contribute to L5.
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Generalized Seesaw

◮ General effective Dirac-Majorana mass matrix:

M =

(
mL mD

mD mR

)

◮ mL generated by dim-5 operator:

mL ≪ mD ≪ mR

◮ Eigenvalues:
∣∣∣∣
mL − µ mD

mD mR − µ

∣∣∣∣ = 0

µ2 − (✟✟❍❍mL +mR)µ+mLmR −m2
D = 0

µ = 1
2

[
mR ±

√
m2

R − 4
(
mLmR −m2

D

)]
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µ =
1

2

[
mR ±

√
m2

R − 4
(
mLmR −m2

D

)]

=
1

2

[
mR ±mR

(
1− 4

mLmR −m2
D

m2
R

)1/2
]

≃ 1

2

[
mR ±mR

(
1− 2

mLmR −m2
D

m2
R

)]

+ → mheavy ≃ mR

− → mlight ≃
∣∣∣∣mL −

m2
D

mR

∣∣∣∣

Type I seesaw: mL ≪
m2

D

mR

=⇒ mlight ≃
m2

D

mR

Type II seesaw: mL ≫
m2

D

mR

=⇒ mlight ≃ mL
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Majorana Neutrino Mass?

bcsdu
τµe

ν1

ν2

ν3

m [eV ]

10101010910810710610510410310210110010−110−210−310−4

known natural explanation of smallness of ν masses

New High Energy ScaleM ⇒
{

See-Saw Mechanism (if νR ’s exist)
5-D Non-Renormaliz. Eff. Operator

both imply





Majorana ν masses ⇐⇒ |∆L| = 2 ⇐⇒ ββ0ν decay

see-saw type relation mν ∼
M2

EW

M
Majorana neutrino masses provide the most accessible
window on New Physics Beyond the Standard Model
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Right-Handed Neutrino Mass Term
Majorana mass term for νR respects the SU(2)L × U(1)Y Standard Model
Symmetry!

LMR = −1

2
m
(
νcR νR + νR ν

c
R

)

Majorana mass term for νR breaks Lepton number conservation!

Three possibilities:





◮ Lepton number can be explicitly broken

◮ Lepton number is spontaneously broken
locally, with a massive vector boson coupled
to the lepton number current

◮ Lepton number is spontaneously broken
globally and a massless Goldstone boson
appears in the theory (Majoron)
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Singlet Majoron Model

[Chikashige, Mohapatra, Peccei, Phys. Lett. B98 (1981) 265, Phys. Rev. Lett. 45 (1980) 1926]

LΦ = −yd
(
LLΦ νR + νR Φ† LL

)
−−−−→
〈Φ〉6=0

−mD (νL νR + νR νL)

Lη = −ys
(
η νcR νR + η† νR νcR

)
−−−→
〈η〉6=0

−1
2 mR

(
νcR νR + νR ν

c
R

)

η = 2−1/2 (〈η〉+ ρ+ i χ) Lmass = −
1

2
( νcL νR )

(
0 mD
mD mR

) ( νL
νc
R

)
+ H.c.

mR
scale of L violation

≫ mD
EW scale

=⇒ See-Saw: m1 ≃ m2
D

mR

ρ = massive scalar, χ = Majoron (massless pseudoscalar Goldstone boson)

The Majoron is weakly coupled to the light neutrino

Lχ−ν =
iys√
2
χ

[
ν2γ

5ν2 −
mD

mR

[
ν2γ

5ν1 + ν1γ
5ν2
)
+

(
mD

mR

)2

ν1γ
5ν1

]
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Three-Generation Mixing

L
D+M
mass = L

D
mass + L

L
mass + L

R
mass

L
D
mass = −

NS∑

s=1

∑

α=e,µ,τ

ν ′sR MD
sα ν

′
αL + H.c.

L
L
mass =

1

2

∑

α,β=e,µ,τ

ν ′TαL C†ML
αβ ν

′
βL + H.c.

L
R
mass =

1

2

NS∑

s,s′=1

ν ′TsR C†MR
ss′ ν

′
s′R + H.c.

N
′
L ≡

(
ν
′
L

ν
′C
R

)
ν
′
L ≡



ν ′eL
ν ′µL
ν ′τL


 ν

′C
R ≡



ν ′C1R
...

ν ′CNSR




L
D+M
mass =

1

2
N

′T
L C†MD+M

N
′
L + H.c. MD+M =

(
ML MDT

MD MR

)
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◮ Diagonalization of the Dirac-Majorana Mass Term =⇒ massive
Majorana neutrinos

◮ See-Saw Mechanism =⇒ right-handed neutrinos have large Majorana
masses and are decoupled from the low-energy phenomenology.

◮ If all right-handed neutrinos have large Majorana masses, at low energy
we have an effective mixing of three Majorana neutrinos.

◮ It is possible that not all right-handed neutrinos have large Majorana
masses: some right-handed neutrinos may correspond to low-energy
Majorana particles which belong to new physics beyond the Standard
Model.

◮ Light anti-νR are called sterile neutrinos

νcR→νsL (left-handed)
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Sterile Neutrinos

Dirac Neutrino Masses and Mixing

Majorana Neutrino Masses and Mixing

Dirac-Majorana Mass Term

Sterile Neutrinos
Number of Flavor and Massive Neutrinos?
Sterile Neutrinos
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Number of Flavor and Massive Neutrinos?
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[LEP, Phys. Rept. 427 (2006) 257, arXiv:hep-ex/0509008]

ΓZ =
∑

ℓ=e,µ,τ

ΓZ→ℓℓ̄ +
∑

q 6=t

ΓZ→qq̄ + Γinv Γinv = Nν ΓZ→νν̄

Nν = 2.9840± 0.0082
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e+e− → Z
invisible−−−−→

∑

a=active

νaν̄a =⇒ νe νµ ντ

3 light active flavor neutrinos

mixing ⇒ ναL =
N∑

k=1

UαkνkL α = e, µ, τ
N ≥ 3

no upper limit!

Mass Basis: ν1 ν2 ν3 ν4 ν5 · · ·
Flavor Basis: νe νµ ντ νs1 νs2 · · ·

ACTIVE STERILE

ναL =
N∑

k=1

UαkνkL α = e, µ, τ, s1, s2, . . .
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Sterile Neutrinos
◮ Sterile means no standard model interactions

◮ Obviously no electromagnetic interactions as normal active neutrinos

◮ Thus sterile means no standard weak interactions

◮ But sterile neutrinos are not absolutely sterile:

◮ Gravitational Interactions

◮ New non-standard interactions of the physics beyond the Standard Model
which generates the masses of sterile neutrinos

◮ Active neutrinos (νe , νµ, ντ ) can oscillate into sterile neutrinos (νs)

◮ Observables:
◮ Disappearance of active neutrinos
◮ Indirect evidence through combined fit of data

◮ Powerful window on new physics beyond the Standard Model
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No GIM with Sterile Neutrinos
[Lee, Shrock, PRD 16 (1977) 1444; Schechter, Valle PRD 22 (1980) 2227]

◮ Neutrino Neutral-Current Weak Interaction Lagrangian:

L
(NC)
I = − g

2 cosϑW
Zρν

′
Lγ

ρ
ν
′
L

◮ The transformation to active flavor neutrino fields is independent of the
existence of sterile neutrinos: ν ′

L = V ℓ
LνL

L
(NC)
I = − g

2 cosϑW
ZρνLγ

ρ
νL = − g

2 cosϑW
Zρ

∑

α=e,µ,τ

ναL γ
ρ ναL

◮ Mixing with sterile neutrinos: ναL =

3+Ns∑

k=1

UαkνkL

◮ No GIM: L
(NC)
I = − g

2 cosϑW
Zρ

3+Ns∑

j=1

3+Ns∑

k=1

νjL γ
ρ νkL

∑

α=e,µ,τ

U∗
αj Uαk

◮
∑

α=e,µ,τ,s1,...

U∗
αj Uαk = δjk but

∑

α=e,µ,τ

U∗
αj Uαk 6= δjk
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Effect on Invisible Width of Z Boson?
◮ Amplitude of Z → νj ν̄k decay:

A(Z → νj ν̄k) = 〈νj ν̄k | −
∫

d4x L
(NC)
I (x)|Z 〉

=
g

2 cosϑW
〈νj ν̄k |

∫
d4x νjL(x)γ

ρνkL(x)Zρ(x)|Z 〉
∑

α=e,µ,τ

U∗
αjUαk

◮ If mk ≪ mZ/2 for all k ’s, the neutrino masses are negligible in all the
matrix elements and we can approximate

g

2 cosϑW
〈νj ν̄k |

∫
d4x νjL(x) γ

ρ νkL(x)Zρ(x)|Z 〉 ≃ ASM(Z → νℓν̄ℓ)

◮ ASM(Z → νℓν̄ℓ) is the Standard Model amplitude of Z decay into a
massless neutrino-antineutrino pair of any flavor ℓ = e, µ, τ

◮ A(Z → νj ν̄k) ≃ ASM(Z → νℓν̄ℓ)
∑

α=e,µ,τ

U∗
αj Uαk

◮ P(Z → νν̄) =

3+Ns∑

j=1

3+Ns∑

k=1

|A(Z → νj ν̄k)|2
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◮ P(Z → νν̄) ≃ PSM(Z → νℓν̄ℓ)

3+Ns∑

j=1

3+Ns∑

k=1

∣∣∣∣∣
∑

α=e,µ,τ

U∗
αj Uαk

∣∣∣∣∣

2

◮ Effective number of neutrinos in Z decay:

N(Z)
ν =

3+Ns∑

j=1

3+Ns∑

k=1

∣∣∣∣∣
∑

α=e,µ,τ

U∗
αj Uαk

∣∣∣∣∣

2

◮ Using the unitarity relation

3+Ns∑

k=1

Uαk U
∗
βk = δαβ we obtain

N(Z)
ν =

3+Ns∑

j=1

3+Ns∑

k=1

∑

α=e,µ,τ

U∗
αj Uαk

∑

β=e,µ,τ

Uβj U
∗
βk

=
∑

α=e,µ,τ

∑

β=e,µ,τ

3+Ns∑

j=1

U∗
αj Uβj

︸ ︷︷ ︸
δαβ

3+Ns∑

k=1

Uαk U
∗
βk

︸ ︷︷ ︸
δαβ

=
∑

α=e,µ,τ

1 = 3

◮ N(Z)
ν = 3 independently of the number of light sterile neutrinos!

C. Giunti − Theory and Phenomenology of Massive Neutrinos – I − IHEP − 23-29 Sep 2016 − 100/101



Effect of Heavy Sterile Neutrinos
[Jarlskog, PLB 241 (1990) 579; Bilenky, Grimus, Neufeld, PLB 252 (1990) 119]

◮ N(Z)
ν =

3+Ns∑

j=1

3+Ns∑

k=1

∣∣∣∣∣
∑

α=e,µ,τ

U∗
αj Uαk

∣∣∣∣∣

2

Rjk with

Rjk =

(
1−

m2
j +m2

k

2m2
Z

−
(m2

j −m2
k)

2

2m4
Z

)
λ(m2

Z ,m
2
j ,m

2
k)

m2
Z

θ(mZ −mj −mk)

λ(x , y , z) = x2 + y2 + z2 − 2xy − 2yz − 2zx

◮ Rjk ≤ 1 =⇒ N(Z)
ν ≤ 3
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